Introduction
The surface delta interaction (SDI) introduced by Green and Moszkowski I* ") has served as a remarkably good effective interaction for shell-model calculations in many regions of the periodic table [3] [4] [5] [6] . The two-body matrix elements of this interaction and its modifications ') are also in good agreement with those derived from realistic interactions ") or directly from an analysis of experimental data '). One of the characteristic features of the SDI, when acting in mixed configurations of identical particles, is that it favors one specific superposition of two-particle states for each value of J. In the two-particle spectrum only a single one of the several possible states for each J-value is depressed in energy; the others have eigenvalues of zero. This property follows solely from the separability of the SD1 and is therefore common to all separable two-body interactions 1 "). The favored pair of the surface delta interaction with J # 0 has the additional property that it exhausts entirely the sum rule for a 2J-pole transition connecting it to the J = 0 ground state "). Moreover, the favored J = 0 pair of the SDI is precisely the pair which is the basis of pairing theory for systems with valence particles filling several degenerate or nearly degenerate subshells. This J = 0 pair, the energetically most favored of all pairs, corresponds to the + Supported by U. S. Office of Naval Research, Contract Nonr. 1224(59).
coherent superposition of J = 0 pairs which is the basis of the generalized seniority scheme for mixed configurations. The surface delta interaction is a scalar in quasispin space 2), and its favored J = 0 pair is the pair with the largest possible value of the total quasispin quantum number which is related to the total or overall seniority number. Since the total seniority quantum number effectively counts the number of nucleons not members of favored J = 0 pairs, it is of interest to examine the question whether there is an additional generalization of the seniority concept with a quantum number which effectively counts the number of nucleons not members of the favored J # 0 pairs of the SD1 or some modified form of this interaction.
The simplest pair of nuclear subshells consists of the two members of a spin-orbit doublet, that is the single-particle states with orbital angular momentum 1 and j = l& JJ. In a configuration based entirely on such a pair of single-particle levels and made up of identical nucleons, (protons or neutrons only), a delta interaction can act only on S = 0 pairs since a delta interaction vanishes in spatially antisymmetric states. In this simple case, therefore, the favored pairs are the pairs coupled to S = 0 and L = J = 0,2,4, . . . 21. (Whenever the single-particle states of a mixed configuration all have the same parity, the favored pairs have even values of J only.) If the single-particle levels were degenerate, (no spin-orbit coupling), the total spin S would be a good quantum number. Moreover, it would be a measure of the number of nucleons not members of favored pairs. Since strong spin-orbit coupling is one of the cornerstones of the nuclear shell model, this simple case never arises in practice. In real nuclei the singleparticle states of the same parity which are nearly degenerate are pairs of states such as +,d& {d,g;FL {p+f+>, (f%h,>, -. -3 that is pairs of states of the type {Zj, (1+2),+,}. It is the purpose of this investigation to show that it is possible to associate with such a pair of single-particle states a pseudo-spin and pseudo-orbital angular momentum (subsequently to be denoted by b-spin and c-spin, respectively; with single particle values b = 4 and c = l+ 1 for the above doublets). The favored pairs are the pairs coupled to B = 0. The surface delta interaction as well as the multipole moment operators are b-space scalars. For states of total seniority o, the total B-spin has the possible values +a, +u -1, +u -2, . . ,, 0; and the number 2B plays the role of a generalized seniority quantum number since it counts the number of nucleons not members of favored pairs in the same sense in which the number v counts the number of nucleons not members of favored J = 0 pairs. Finally, for a degenerate single-particle doublet of the type {I,, (Z+2)j+,} it will be shown that the eigenvalues of the surface delta interaction are approximated quite well by a generalized pairing Hamiltonian whose eigenvalues depend only on the quantum numbers B and v, with a spectrum such that states with 2B i v are repeated with the same spacing for each seniority greater than V.
Although single-particle doublets of the type (lj 3 (1+ 2)j+ 1> are somewhat special, they can be taken as the basic building blocks for the nuclear shell model. The major nuclear shells are made up of such doublets, all of the same parity, up to a highest j-value of j,,,,, to which is added a single state of opposite parity with j = j,,,, +2. In the limit in which these single-particle states are degenerate, the total B-spin is again a good quantum number for the SDI. However, the B-spin is no longer sufficient to specify the favored pairs for each Jcompletely. Additional quantum numbers are needed, or a generalization must be made of the symmetry associated with the b-space. The case of a full major nuclear shell is discussed briefly in sect. 4 in which some possible generalizations of the quantum number b are discussed. The present investigation concentrates on the case of the single-particle doublet of the type {lj(l+2)j+ 11. A s our prime example we take the {d%g%] doublet, with b = 3, c = 3. Recent experimental studies 'I* 12) on nuclei with 82 neutrons and A = [135] [136] [137] [138] [139] [140] [141] [142] [143] show that the valence protons with Z > 50 fill mainly the 1% and 2d, levels. Detailed shell-model calculations for the configuration (lg,2d,)" have recently been performed by Wildenthal ") and make it possible to compare the simple predictions of an extreme zeroth order generalized pairing model based on the favored J # 0 pairs of the SD1 with the results of a full shell-model calculation.
Symmetry of the SD1
When acting in configurations of identical particles (neutrons or protons only) the SD1 becomes a separable interaction which can be expressed in terms of the pair creation operators for the favored pairs, (and their hermitian conjugate pair annihilation operators). These are specific combinations of the pair creation operators coupled to total angular momentum J, defined by The favored pairs of the SD1 are ')
0' h,(jj') = For J = 0 the favored pair is that of ordinary pairing theory. In particular, the operator && is the total quasispin operator 9,. In terms of the operators &JM the surface delta interaction takes the form ") H SD1 = -G~==f;f,s$,.
(4) JMJ
To discuss the symmetry of the interaction it is convenient to introduce the unit tensor operators ukq( j j') = 1 (jmj'-m'lkq)aj+, af,,( -l)j'-"'.
mm'
For a mixed configuration based on single-particle states of total degeneracy number 28 = Cj(2j+ l), the (252)2 operators of type (5) generate the unitary group in 252 dimensions, U(251). Since the SD1 is a scalar in quasispin space '), the symplectic subgroup Sp(20) is the physically relevant subgroup of the unitary group. It is generated by the G!(2Q+ 1) infinitesimal operators (r.4k,(jj')+(-l)'+"+'+"+ku,,(j'j)).
The irreducible representations of Sp(252) specify the total seniority. Finally, the total angular momentum operator, J, is a specific linear combination of the operators (6) with k = 1, (j' = j), which generates the three-dimensional rotation group R ( 
(If more than one value of c is required, eqs. (8) may include sums over c with appropriate weighting coefficients.) The unit tensor operators which are scalars in b-space can be defined in analogous fashion
Using the symmetry properties of the 6-j symbol, it can be seen that the operators B,k: with k, odd, and similarly the operators Ci; with k, odd belong to the class of eq. (6), provided single-particle states of the same parity are assigned values c of the same parity. These operators thus generate subgroups of the symplectic group Sp(28). The operators with k, = 1 and k, = 1 are of greatest interest. With appropriate normalization factors (or reduced matrix elements) the operators (2Q), (total seniority v), and to study the physical significance of the new subgroup and its relation to the symmetries of the SDI, it is best to consider some examples so that the values of b and c are specified.
The two-level ease
The single-particle states of the same parity which are nearly degenerate in real nuclei are pairs of states such as {s,d+}, {d+g%>, (p+f*), . . ,, that is, doublets of the type (I,, (i+2)f+ r3. F or such a doublet the single particle b-and c-spins can be assigned as b = 3, c = If 1; e.g., (b, c) = ($,3) f or a (d+ga) doublet. ~ntis~etry requirements restrict the two-particle states (two identical particles) to those with 
Just as the favored pair annihilation operator with J = 0, (the total quasispin operator 9_), can be used to determine the seniority of a state, the favored pair-annihilation operators with J # 0 can be used to measure a generalized seniority, (the B-spin).
A state with nucleon number n = a is entirely free of favored J = 0 pairs and satisfies
If the action of LzZ~~(~'_) on a state of n nucleons yields zero only after the successive application of (x+ 1) such operators, the state has a seniority z, = n-2x. From the commutation relations (15) it can be seen that the favored pair annihilation operator with J # 0 cannot change the B-value of a state. The operator dJM, however, lowers the nucleon number by two units, and consequently must give zero when acting on a state of B-spin high enough that such a B-spin is not found among the (n-2) nucleon states. In particular, From the commutation relation (15) several simple properties of the SD1 follow: (i) The SD1 is a scalar in B-space. Since it is a scalar in J-space, it is also a scalar in C-space. It is therefore diagonal in both B and C. If the single-particle levels are degenerate, both B and Care good quantum numbers. For the (d*g%) doublet it can be seen from table 1 that the matrix for Hsn, p s lits into submatrices which for v 5 4 are never larger than 3 x 3.
(ii) The eigenvalues of HsD, are independent of J, and are functions only of v, B, C, and the additional quantum numbers needed to distinguish states with the same The properties (i)-(iii) hold not only for the SD1 but for a modified interaction in which the single strength coefficient G of eq. (4) is replaced by J-dependent coefficients; that is, properties (i)-(iii) hold for any interaction built from B = 0 pair operators. With these properties it is also easy to calculate the eigenvalues of Nsm for u > 2 by means of a cfp expansion using cfp's known from atomic spectroscopy. The twoparticle matrix elements are different from zero only in states with B = 0. For the two-level case they have the value -G(2c-l-1) (cOJO~CO)~, so that the n-particle matrix elements are given by the cfp expansion The quantum numbers 01 are needed whenever a (B, C) value occurs more than once for a given ~1. For c = 3, (the analogue of atomic f-shell spectroscopy), the quantuln numbers a are given by the irreducible representation labels of the special group G2, (Racah I")). However, the group Gz seems to have no particular physical significance for the SDI; (H snr is not diagonal in G,). The cfp needed for eq. their center of gravity at jj or 2/(2c-!-3) units. This suggests that the SDI, (in the twolevel case at least), can be replaced to good approximation by a simplified interaction for which the effective interaction strength for favored J + 0 pairs is independent of J (but differs from the pairing strength for 3 = 0). This simplified form of the SD1 wiII be called the generalized pairing interaction. It is given, in terms of the B = 0 The generalized pairing term for J # 0 pairs thus leads to the two-body B2 operator, much as the ordinary pairing term leads to the quasispin Y2 operator. (Racah and Talmi I") in discussing the pairing properties for the ordinary spin-orbit doublet of the I" configuration cite the operator si -sj as the simplest seniority preserving operator.) The eigenvalue of the generalized pairing Hamiltonian (21) is given by E *en. pairing = -G s
Despite the apparent n-dependence, the relative spacings of these energies is nindependent. The interaction is a scalar in quasispin space, as is the SDI. should be noted that the spectrum of states with 2B $ v is repeated with the same spacing for each seniority greater than v. The energies shown in fig. 1 are for a degenerate single-particle doublet. If the single-particle energies E J + 1 , Ej are unequal, the single-particle Hamiltonian must be considered. It can be put in the form The correspondence between the B = 0 operators of eq. (24) and the generalized quasispin group operators is shown in table 3. With b = 3, the eigenvalues of Hi can be at most + 1. In this case, therefore, the irreducible representations of the generalized quasispin group Sp(4c+2) are all of the form (111 . . . 00). The number of I's in the irreducible representation labels can be shown to be equal to (2c+ l -2B). The generalized quasispin group Sp(4c+2) therefore does not lead to new quantum numbers in the two level case. The generalized pairing Hamiltonian of eq. (20) is, except for trivial factors, a combination of the Casimir invariants of the generalized quasispin group Sp(4c+2) and its subgroup, the three-dimensional quasispin group based on the favored J = 0 pairs, whose eigenvalues are specified by the quantum numbers B and U, respectively. Finally, the orthogonal subgroup 0(2c+ 1) generated by the operators C'iz of eq. (9), with k, odd, may introduce new quantum numbers in the case of relatively large c and ZL For the smaller values of c and u of usual interest in the nuclear shell model, however, the irreducible representations 'of O(2c + 1) are almost always completely specified by the seniority number 1) alone 13). . ., -c for i = 1,. . ., (2c+l).
b, The notation is that of ref. I").
The many-level case. Major nuclear shells
In the many-level case there may be several ways of assigning the one-particle b-and c-spins. The case of major nuclear shells will be illustrated by the (s+d+), (d,g,), (h+) and the (p*), (p+f%), (f5hZ), (iY) shells. If the favored pair is to be precisely the pair of eq. (2) favored by the SDI, it appears that all states of the same parity must be assigned a b-spin of 3; so that the (bc) values for the two examples cited would be (+I), (33), (O-k$), and (30) (92), (34), (w), respectively; or in general the (bc) spins for the major nuclear shells would be chosen as (4, c,,,), (3, c,,,,,-2 ) . . ., (O,j,,) , where the state with angular momentum j, (c-spin = j,) has a parity opposite to that of the remaining states. Many other choices are of course possible. A (ps, p+, ft-) triplet, for example, could be assigned 
In the approximation in which the variation of the radial integrals of the 2k-pole operators with the different single-particle states are neglected, the electric multipole operators, and (in the same approximation) more general 2k-pole operators are seen to be b-space scalars. In this approximation, therefore, their matrix elements are subject to the selection rule AB = 0. A special case of this selection rule was noted by Arvieu and Moszkowski ") who pointed out that the 2J-pole operator can connect the ground state of even nuclei (U = B = C = 0) only to the favored J # 0, 21 = 2 state, (again a state with B = 0) so that this transition probability takes up the full strength of the sum rule for a 2J-pole transition. It is interesting to note that inelastic scattering experiments on odd nuclei of the 82 neutron family '*), such as 141Pr, with ground states which are predominantly 2, = 1, B = 4 excite mainly a group of positive parity states centered about 1.5 MeV where the excited states have predominant components with u = 3, B = +-, whereas no appreciable excitation to positive parity states is observed at higher energies in the region of the predicted o = 3, B = 3 states. One of the difficulties of the above assignments of (bc) values is that the quantum number B does not by itself give a unique definition of the favored pairs. For a degenerate set of single-particle levels with j = 3, Similarly, for degenerate single-particle levels withj = $,$, 3,$, the favored pairs of the SD1 are depressed below the u = 2, B = 1 states as follows: J = 2 by 0.667 units, J = 4 by 0.394 units, and J = 6 by 0.163 units, again on a scale on which the favored J = 0 (u = 0) state is depressed by 1 full unit. The generalized pairing approximation which worked very well for the two-level case becomes poorer as the number of single-particle levels increases. Again, a much better approximation might be based on a model in which the favored J # 0 pairs are restricted to be those with J = 2 and J = 4, while the J = 6 state can to a good approximation be grouped with the two-particle states with zero eigenvalue which, (according to the above b, c assignments), include besides all of the B = 1 states, B = 0 states with J = 0, 1, 2, 3, and 4.
Such models have the advantage that they can in principle be based on a single set of (bc) values. For thej = -), $,Jj family, for example, (bc) can be chosen to have the values (13) This is illustrated in table 4 for the favored J = 2 pair of a j = 3, 3, 3, configuration. The table shows the j, j' components of the favored J = 2 two-particle states. It can be seen that the predictions of the SD1 are in very good agreement with those based on the Kuo matrix elements "). (These numbers are the j, j' components of the lowest J = 2 twoparticle state obtained by diagonalizing the Kuo two-particle matrix ") for a completely degenerate (s,d+d+) single-particle multiplet. The phases in the various other columns are adjusted to correspond to these.) Unfortunately the j,j' components of the The j, j' components of the favored J = 2 state for the j = + 3 & configuration, based on several models j j' Except for the factors f(12, c) these coefficients would be the ones required by the SDI, (see eq. (26a)). Unfortunately, the factorsf(l?, c) again differ appreciably from unity. The results for a J = 2 two-particle state coupled to SU, representation (40) are shown in the last column of table 4.
